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1. Introductio

In classwe have studied the economic modd of individua labor supply, which explainsho
people allocate their time between paid labor and leisure, depending on their preferences, thei
nonlabor income, and the wage rate they can earn for paid work. This model has thefollowing
predictions:

(@ Anincreasein thewagerate (all elseconstant) may lead to an increase, a decrease, o
no change in working hours, depending on theindividual’ s tastes (balance of
substitution and income effects).

(b) Anincreasein non-labor income (all else equal) should reduce working hours,
assuming that leisure timeis a normal good.

(c) Labor force participation should increasewith increases in the wage rate and
decreasewith increases in nonlabor income.

Thetheory by itself isof limited use. First, itsprediction of the effect of the wage on hours
of labor supplied is ambiguous. Second, it makes no prediction about the magnitude of any of
the effects: arethey big, or small and insignificant? What arethe dagticities? Answering these
questions about the size of the effectsis crucial to using themodd for forecasting or polic
analysis. For example, onejustification of the minimum wage and the earned income tax credit
as anti-poverty instrumentsis that they encourage more work hours among the poor. But we
would need to know the direction and size of thewage effect to know if thisisrealy true.

Regression analysis offers economistsa way of estimating the mathematical rel ationship

between variables such as hours of work, wages, and income, using individual-level data. In



Notes on Regression, p. 2

other words, regression allows usto “fit” asupply curve to the data. With such an estimate of
the supply-curve formula, we could hope to answer two important questions about our model:

(1) Arethe predictions of the model in fact supported by the data?

(2) What arethe magnitudes of the effects in the real world?

Regression can help us estimatemany other theoretical relationships. One very important
examplein labor economicsis the earnings equation. An earnings equation is simply the
relationship between aworker’searnings (Y) and her or hisindividual characteristics (X). Fo
example, several different economic theories predict that an individua’s earnings will depend
positively on how much education she has had. But again, we would like to know if the theory
holds true in the rea world. Furthermore, wewould like to know how big the effect of
education is. For instance, does an additional year of schooling increase annual earningsb
1%, 5%, or 10%7? Answering this question isclearly critica to evaluating the economic value
of education to both individuals and society.

These notes are to helpyou refresh your memory regarding linear regression, and to show
how regression can be used to estimate a mathematical relationship predicted by economic
theory. For various reasons, it will be much easier to goply regression analysisto estimating an
earnings equation than it will to estimating labor supply. Therefore, these notes start with a
brief overview of the ideaof an earnings equation, which will be developed in greater detail
later in the course. Wethen proceed to areview of regression, with illustrations drawn from

estimating the earnings equation.
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2. The earningsequatio

One of the most important issues in labor economicsis the determination of people’ swages o
earnings. Why do some people earn more than others? There are obviously many factors
involved, but economic theory predicts that certain factors should be very important.

In particular, economic theory suggests that both education and work experience should
tend to have a positive impact on earnings. There are severa reasons this might be true.
Probably the most obvious reason is that both education and experience tend to increase a
worker’s skill, or the value of her margina product. In thelabor market they will then earn
more. Thisisknown in economics as the theory of human capital : education and on-the-job
learning are “investments” individuals make in their own skills and earning power.

Other theories aso predict a positive correlation between schooling and earnings, as we
shall seein class. For instance, the theory of labor-market signaling suggests that some
individuals will obtain more education asa*“signa” of their basic abilities (intelligence, drive,
reliability) to employers. In this view, the vaue of schoolingis notwhat you learn but what you
signal to employerswhen you take the time and trouble of receiving more education.

Many other factors may affect earnings aswell. Some of these, such as“ambition” o
“talents’ cannot be directly observed in our data. Othersmay be observable: for example, race
or gender. There arevarious reasons that pay might depend on one’'s race or gender:
discrimination in the market is one of those.

To estimate the impact of measurable variables on earnings in the red world, we can use

regression analysisto estimate an earnings equation from cross-section data. For now, let’sjust
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think about a simple mathematica formulathat could describe the rel ationship between
education, work experience, and earnings. For example, let Y = annual earningsin dollars, S=
years of schooal (e.g., S= 12yearsis a high-school education), and E =years of work experience.

Then one way Sand E might affect earningsis thefollowing earnings equation:

Y =Db, + byS+ bE

Our goal using regression analysis of data will beto obtain estimates for the coefficients of this
equation: by, b, ,and b, . In interpreting the equation, note that the coefficient b, isthe change
in earnings (in $) for onemoreyear of schooling, given whatever vaue E takes. Soif b, were
2000, itwould imply that one moreyear of schooling would increase earnings by $2,000. This
could be thought of asthe average market value of ayear of schooling, holding work experience
constant.

It turns out that in practice economistsusually assume that the earnings equation has a
dightly different formula, using thenatural log (In) of earnings as the dependent variable. In

this case the estimated equation becomes:
In(Y) = b, + b;S + b,E

Thisfunctional form issometimesreferred to as the semilog form. In this case the coefficient b,
isthe change in the log of earningsfor one more year of schooling. The change in thelog of a

variableisthe proportional or percentage change in that variable. This follows from calculus:

din(y) = d=\;( = proportional change in Y

Therefore, we can interpret b, asthe proportional changein earnings for one more year of

schooling. For instance, suppose in the above equation the coefficientswere as follows:

In(Y) = 5 + 0.05S + 0.01E

This meansthat one more year of schooling increases earnings by the proportion 0.05 or 5%.
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Onemore year of work experience adds 1% to earnings.

Aside from this nifty interpretation of the results, there aretwo mgor reasonsfor using the
log of earnings. Oneistheoretical. According to thetheory of human capital, individuals
invest in education (which imposes direct and opportunity costs on them) in order toreap a
return ontheir invesment. The coefficient b, turns out to be closely related to the rate of return
onthat investment. The second reason is statistical, and has to do with the statistical
distribution of earnings, an issuewewill return to. We will compare the linear and semilog

earnings equations later.
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3. Theidea of simpleregresson: fitting aline

Webegin with the data. If we are estimating the earningsequation, we are interested in the
relationship between earnings, on the one hand, and schooling, experience, and other variables
onthe other. Our data set will be across section of individual workers. For each worker, we
will have information on their earnings and other characteristics. For now, let me focus on the
relationship between earnings and years of education. Here's a simple example of amade-up

data set with 8 observations (people):

Person  Years of school  Annual earnings

(i) X) (¥)

1 12 20,000
2 14 24,000
3 14 36,000
4 18 54,000
5 16 44,000
6 16 60,000
7 12 40,000
8 13 42,000

Hereisa scatter plot of these 8 points:
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Y ou can seefrom this scatter that the relationship between X and Y is generadly apositive
one, but not perfectly so. We expect schooling to be positively associated with earnings, but
because other factors affect earningsas well, there’ s no reason to expect that each individual
always makes more money than every ather person with less education.

The objective of simple regressionis to find the straight line that best fits through this
scatter of points. To seehow the regression picks this line, let’ stry “eyeballing” it and drawing
agraight line that appearsto fit this scatter of points. Here’smy best guess (I have changed the

scales of the axes and added gridlinesto makeit easier to figure out the formula for my line).
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Sundstrom’sbest guess of the ear nings equation for these data

What istheformulafor my line? Well, in generd, alinehastheformula Y=a+ bX. S
what are a (the Y intercept) and b (the dope)? Note that my line crossesthe Y axis at about
-50,000 (that’'s a) and then dopes up to around (X=18, Y=60,000). Thisimplies that the slope
(riseover run) is b = AY/AX = (60,000- -50,000)/(18-0) = 110,000/18 = 6111. Thus the
approximateformulafor my lineis Y= a+ bX = -50,000 + 6,111X.

Now | want to distinguish between the actual values of Y (represented by the data points)
and thevalues of Y predicted by my line. So instead of using Y inmy formula, | am going to
use the following notation to indicate the “fitted” or predicted value of Y, which I'll call “Y -
hat”:

Y = a + bX
Doesmy linefit the data well? Oneway to judge isto look at the deviation (also known as

the residual) between each actual value of Y in the data and the value predicted by m

regression Iine(YA ). For an observation i, thisdeviationis
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d =Y - Y =Y, - (arbX)

For example, consider observation (person) i = 4. For that person, X =18 and Y =54,000. M
line predicts that their Y will be Y = -50,000 + 6,111(18) = $60,000. So my lineis“off” by the
deviation d=Y —Y =54,000 - 60,000 = -6,000 for this person. The deviation is negativefor a
person who earns | ess than what the line predicts, and positive for a person who earns more.

Now imagine taking each individual in the sample, predicting thei Y from the line, and
then calculating the deviation between their actua earnings (Y) and the earnings predicted b

theline ( Y ). Take each deviation, square it, and add them all up. What you have is the sum of
squared deviations (SSD) between the actual values and the predicted values on the line:

SD =3 (Y - V)P =3 (Y - a- bX)
wherethe £ means the sum over all the observations (8 in our example). Thisis an overall

measure of how far off the predicted values of Y are from the actual values.

Thetechnique of ordinary least-squares (OLS) regression chooses the best
regression line tofit the databy choosing aand b to minimize the sum of squared
deviations (SSD) between the actua values and the line.

Thereareformulas for the values of aand b that minimize SSD. But wewill just let the
computer find them for us. 1'll show you how using Excel in class. For now, let me just note
that the OL S regression coefficientsfor my made-up dataare a=-24,039 and b = 4455. Som
guesswas hot too close!

The OLSregression should be thought of as choosing the line that minimizes the average
vertical distance between the data points and theline. This meansthat the regression line offers
the best prediction of Y given (conditional on) a particular value of X. The regression usesthe
information on X to help predict Y.

The following diagram helpsillustrate this. For the data set shown, you might be inclined
to guessthat line #1 fits best. But the OLS regression would choose line#2. Thereason is that
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the regression linewants to slice through the middle of the data given each value of X. If you

know X, then line #2 gives amore reliable prediction of Y than does line #1.

#2

#1

X

Line#2isthe OLSregression line

Theregression asa model

Sofar we havejust considered regression as amatter of linefitting. But we'dredly like it
to be away to do “model fitting.” That is, westart with our economic theory, and come up with
amodel that predicts some relaionship between observable variables. Then we use the
regression tofit the actual parametersof the model.

Thinking about our regressions this way isvery important, because it clues usinto
potential problems in interpreting the regression results. For instance, aregression line by itself
isredlly just afancy way to summarize the scatter diagram between two variables, such as
education and earnings. But in our economic model of earnings, an individual’seducation is
usually completed early in life, and then fixed thereafter. After that time, education becomes
part of theindividual’s characteristics that help determine her or his earnings on the market at
any point in time. Our model directsus toward a certain way of analyzing the data:

(1) Itdirectsustofocusin on education asone important variable determining earnings.
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(2) Itdirectsusto think of education asthe exogenous or independent (X) variable and
the earnings as the endogenous or dependent (YY) variable. In other words, our model
suggests that education causes earnings, rather than vice versa

(3) Therefore, the model directs us to estimate the relationship with education as the X
variable and the earnings asthe Y variable.

One problem most people will raise with economic models of individua behavior isthat
they are so mechanical. When an economist draws an earnings equation, suggesting a certain
relationship between education and earnings, a non-economist might say, “ Sure, but what about
apoorly educated personwhois agreat athlete, or whojust getslucky and lands a great job?
Your earnings equation can't predict their pay. Or what about a well-educated but lazy person
who earns very little? Y our model makesit sound as though only schooling determines
earnings, and that everyone with the same education will earn the same amount.”

In fact, economists arewell aware that other variables determine earnings, and that
individual “luck” or tastesfor effort could play arole. But our non-economist raises an
important challenge: How can ou statistical analysis of the data take account of these
additional factors? After all, the regression so far hasjust given us one line, Y =a+bX to
describe everybody.

There are two ways we will address the problems raised here. First, note that we will want
to see how other variables affect earnings, in addition to schooling, and we can do so
dtatisticaly, using the technique of multiple regression. So one thingwe can do is to add
additional variables, such as age or years of work experience, and see how they affect earnings
along with education.

Second, there is the issue of individual variability in terms of tastes, talents, luck, and
other variables that we cannot observe or measure. To deal with these we must add to ou
model arandom component. Thisisknown as the “error term,” which will be represented b
“u” in our formula. Theideaof the error termistoinclude in our model a*“random variable’:
that standsfor all the factorsaffecting Y that we have not controlled for. So now our simple

regression model of earnings (Y) can be represented asfollows:

Yi = o+ BX oy
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Thismodel assumes that for each personi, their earnings has a component that depends
systematically on their yearsof education (that’sthe o + pX part), and a component that is
particular to that person but cannot be observed (that’s the u part). So you could think of the
“u” as standing for “unobserved” or “unknown”. In fact, even o and p are unknown: they are
hypothetical parametersof the earnings equation. But we can estimate these parameters using

the regression coefficients aand b.

Actual parameters versus estimated parameters:

Our model of Y will suggest that Y depends on X and an unobserved “error”, u:
Y =a +pX +U

Our OLSregression will give us estimates of a.and f :
a= OLSedstimate of o b = OLS estimate of

It isvery important to keep in mind that the coefficient estimates aand b from ou
regression arejust that: estimates. As such, they are likely tobeoff oneway or the other, just as
asample mean islikely to be different from the population mean.

Theerror term “u” is related to the idea of the deviation or residual in our earlie
discussion. If our estimates aand b were exactly equal to the “true” values o and j3, then each
residual would be exactly equal to that individual’s “u”. But because our estimates will
generally not be exactly correct, we cannot consider the deviations to be exactly the same asthe
error term.

Therdiability of the regression estimates as estimates of the model restscritically on the
reliability of the model itsdf, as well as the nature of the “unknown” part, the error term. | no
turn totake alook at some important regression statistics and diagnosticsthat can tell us
something about thereliability of our results. | then turn to alist of some common things that

may go wrong with a regression.
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4. Someuseful regression statistics

In thissection | review some of the most important regression statistics. Thefirst set of

gtatistics all have to do with how well the regression fits the data overal. The second set have

to dowith how well the regression has estimated particular coefficients— especialy the slope,

. To make the discuss on more concrete, | provide the following printout of the Excel

regression resultsfor a regression of annua earnings onyears of schooling (SCHOOL ), using a

sample of 150 full-time, full-year workers from March, 1998:

SUMMARY OUTPUT

Regression Statistics

Multiple R 0.195573835
R Square 0.038249125
Adjusted R Square  0.031750808
Standard Error 30524.51552
Observations 150
ANOVA
df SS MS F Significance F

Regression 1 5484261932 5.48E+09  5.886005 0.01646454
Residual 148 1.37898E+11 9.32E+08
Total 149 1.43383E+11

Coefficients  Standard Error t Stat P-value Lower 95%  Upper 95%
Intercept 6640.986557 12069.84036 0.550213  0.583003 -17210.5 30492.473
SCHOOL 2171.128576 894.901485 2.426109 0.016465 402.693345 3939.5638
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Note here that the estimated equation is Y =6641+ 2171* SCHOOL. The coefficient on
SCHOOL of 2171 implies that aworker with an additional year of school earns $2171 more pe

year.

Measures of fit and residual variation:
. Sum of squared residuals (SSR)
*  R-sguared (R?
e  Standard error (S.E.) of the regression
. F-statistic

The goal of theregression isto estimatehow Y dependson X. Oneway to get at how well
theregression isdoing that is to measure the total variation in Y in our data, and then seeho
much of that variation is accounted for by the regression.

Thetotal variation in Y around its mean can be measured as the total sum of squares
(TSS). This can be broken down into the sum of two parts: the part explained by the
regression, and theresidual or unexplained part. These components are given in the ANOVA
table under the heading SS. Theresidua part isthe sum of squared residuals, or SSR, which
again isthe same asthe SSD (what the regression minimizes). Intheabove table, the SSR =
1.37898E+11 = 1.37898 * 10™, avery large number. The total sum of squares (TSS) =
1.43383E+11 = 1.43383 * 10™.

Using the SSR, Excel aso calculatesavery widely used statistic, caled R-squared (- 2).
R-sguared is often used as ameasure of "goodness of fit." In words, R-squared tells usthe
proportion of thetotal variation in Y that is“explained” by variation in X aong theregression
line. Mathematically,

R? = variation in Y explained by regression _ 1 - SR
total variationinY TSS

In our example, the R-squared of 0.038 meansthat the regresson accountsfor about 3.8% of the
total variation in earningsin the sample. In this sample, then, variation inyearsof schooling
accountsfor rather little of the variation in earnings acrossindividuals. Other, unaccounted fo
factors must explain the remaining 96.2%.

2

R?will dways be between 0 and 1, with ahigher number suggesting a better "fit." can

be a useful diagnostic, and other things equal we prefer a higher valueto alower value. But
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thereisno magic leve of R? that one should look for. In part the importanceof 2 dependson
why you are running a regression.

For instance, a regressonwith ahigh 2 may not necessarily be very informative. Fo
example, if you regress nominal consumption on nominal GNP, you may get ahigh 2 But this
ispartly due to inflation affecting both variables, and partly dueto both happening to be on an
upward trend.

It is equally mistaken to assume that alow R? means your results are of no interest.
Especially in cross-section studies, low R values are very common: even well below 10 percent
(the example above shows this). Isthat bad? Not necessarily. Supposeyou aretrying to get a
good measure of the effect of education on earnings, for instance. This does not necessaril
requirethat you do agood job explaining al the variation in earnings. It only requiresthat you
accurately capture the relationship between X and Y. Thisdoes not necessarily require getting a
high R2

Another statistic related to R-squared is the standard error of theregression. Thisisa
measure of the variability of the data points above and below the regression line, and isin the
same units as the dependent (Y) variable. In Excel, this number isfound in the top part of the
table, and isequal to 30524.51552 in the above example. The standard error of the regression
can be used as an approximate prediction or forecast error. | will discuss this application in
class.

The F-statistic in the ANOVA table provides a formal statistical test of the following
hypothesis: All the coefficients on the X variables are equal to zero. For example, in our case
above we have only one X variable, and the F-stat is 5.886. Directly totheright isthe p-value
for the F test, 0.0165. Theconventional rule is that we can reject the null hypothesisif the p-
valueislessthan 0.05. Therefore, wewould reject the hypothesis that the coefficient is zero. In

other words, we have confidence that thereis an effect of education on earningsin this sample.

The standard error of the slope coefficient and confidence intervals

The other part of the regression output that | want to exploreis the standard error of the
coefficient. Our estimate b of the slope parameter is just that: an estimate. How good an
estimateisit? In other words, how closeisitlikely to be to the “truevalue,” B ?

The standard error of b (or s, ) isan estimate of the accuracy (or lack thereof) of ou
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parameter estimate. The larger the standard error of the coefficient, the lessprecise is ou
estimate. The SE of b appears in the regression output table next to the relevant slope
coefficient. In our example, the standard error of b isthus approximately 894.9.

The standard error of btypically dependson the following factors:

(1) Ittendsto be larger the smaler R-squared is.

(2) Ittendsto be smaller the more observations (N) we have in the sample.

(3) Ittendsto be smaller themore variationthereisin X.

The standard error of bis used to test hypotheses about . One of the easiest waysto do
thisisto usethe standard error to calculate a confidence interval around the estimate b. This
will give us the range of values within which we are confident that the true slope lies. The size
of that interval dependson two things. how much confidence wewant to have (the more
confidence, the wider theinterval), and the SE of b.

It is conventional among economists and many other social scientiststo use a 95%
confidenceinterval. What this means in wordsis that we have “95% confidence that the true f8
lieswithin the interval.” Thisis conservative in the sense that 95% is a pretty high level of
confidence.

For samples of a reasonable size (say, >=20 or s0), the 95% confidenceinterval for bis
approximately b+ 2s,. Using Excel it is unnecessary to make such acalculation, because
Excel automatically gives you the 95% confidence interval. For the dope coefficient, the 95%
interval runsfrom 402.7 (lower 95%) to 3939.6 (upper 95%), and is centered on the point
estimate of 2171.1.

The confidence interval isaconvenient way to test hypotheses about the coefficient. We
can reject a hypothesized value if it lies outside the confidence interval. Here are acouple of
examplesfor the above estimate:

Hypothesis|: Thereis no effect of education on earnings. Thisisequivalent to saying
that p = 0. We can seethat 0 doesnot lie within the 95% CI of [402.7,3939.6] . Therefore,
weca reject the hypothesis: in other words, we can concludewith 95% confidence that the
effect isnot zero. Another way we often put thisisthat the slope is significantly different from
zero. Incidentally, the t-statistic in the table also teststhishypothesis. If the t-statistic has
magnitude (positive or negative) bigger than about 2, we can reject the hypothesis that the slope

is zero, with 95% confidence.
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Hypothesis|l: An additional year of school will increase annual earnings by $1000. This
would requirethat § = 1000. We can see that 1000 is inside the 95% CI, and therefore we
cannot reject this hypothesis. Thuswe could say that the hypothesisis plausible and cannot be

ruled out with 95% confidence.

Statistical and economic significance

It isvery important to check the statistical significance of your regression results. That is,
check to seeif the coefficients you areinterested in are different from zero in the statistical
sense. If not, you can have little confidence that there is something actualy going on, rathe
than just afluke of your particular dataset. But it isalso important to consider the economic
significance of theresults. For example, we have found that the slope b is significantly different
from zero. Butis the effect economically important? Doesit suggest that education is agood
investment? To answer this question, we might want to compare our estimate b with some
estimate of the cogts of education. The dope could be statistically significant without being
economically significant.

In other words, always ask two questions about your coefficient estimate:;

(1) Isit statistically significant?

(2) How big an effect isit?

Looking at theresiduals

Theregression resultsimply aresidua or deviation for each observation. In Excel we can
generate and plot theseresiduals in various ways. Theresidual seriesisa very useful diagnostic
to check whether your regression resultsare valid. | will explorethisin greater detail below.
But for now, let me simply note that the regression results aremost reliable if the residual s are
normally distributed and uncorrel ated both with each other and with the X variables. In class|

will show you someways to examine the residual series.

Estimating the earnings equation using the natural log
In some cases it may be desirable to estimate a relationship between two variablesthat is
not astraight line. In the case of the earnings equation, | have noted that a common formulato

useisthe semilog specification. Toimplement this, we smply generate a new column of
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numbersthat is the log of earnings, and use this as the dependent variable in the regression. |

will show how in class. Here are the results, using the same data as the preceding example.

SUMMARY OUTPUT

Regression Statistics

Multiple R 0.286223
R Square 0.081924
Adjusted R Square 0.075721
Standard Error 0.664108
Observations 150
ANOVA
df SS MS F Significance F

Regression 1 5.824667  5.824667 13.20668 0.000384
Residual 148 65.27385 0.44104
Total 149 71.09851

Coefficients Standard Error t Stat P-value Lower 95%  Upper 95%
Intercept 9.307859 0.262598  35.44527 3.36E-74  8.788933 9.826785
SCHOOL 0.070756 0.01947  3.634099 0.000384  0.032281 0.109231

Note here that the estimated earnings equation is

IN(EARNINGS) = 9.308 + 0.0708 SCHOOL.
The coefficient on SCHOOL is0.071. Recall that when we use the semilog form, the slope
coefficient is the proportional effect of the X variable. In other words, this estimate tells us that

one more year of education is associated with 0.071 or 7.1% higher annual earnings.
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5. Multipleregresso

Regression isat itsmost powerful when we useit to sort out the partial effects of a number of
different variableson somevariable. For instance, annual earnings might depend not just on
education but also on the worker’ s age or experience, or race or gender.

In fact, if we do not control for various influences simultaneoudy, our results can be
severely biased: the coefficient estimate may be systematically off. The bias associated with
leaving out one or more important regressors is known as |eft-out variable bias or missing
variablebias. | discuss thisin the section on regression problems and pitfalls below.

Multiple regression assumes that the modd now takes the following form for each
individual i:

Y =By + B X +BX, + ... +uU

For example, we could see how earnings depend on SCHOOL and potential yearsof work
experience, which in these datais measured as EXPER =worker'sage- SCHOOL - 6. (The
ideaisto measure how many years the person could possibly have been working after deducting

yearsin school.) Here are the resultsof such a regression, using the linear form.
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SUMMARY OUTPUT

Regression Statistics

Multiple R 0.22288
R Square 0.049675
Adjusted R Square  0.036746
Standard Error 30445.68
Observations 150
ANOVA
df SS MS F Significance F

Regression 2 7.12E+09 3.56E+09 3.841995 0.023637
Residual 147 1.36E+11 9.27E+08
Total 149 1.43E+11

Coefficients  Standard Error  t Stat P-value Lower 95% Upper 95%
Intercept -3146.87 14111.44 -0.223 0.823844 -31034.3 24740.61
SCHOOL 2432.603 914.0018 2.661486 0.008645 626.3236 4238.883
EXPER 300.8669 226.3077 1.329459 0.185756 -146.37 748.1035

Theresults now imply thefollowing earnings equation:
EARNINGS = -3147 + 2433 SCHOOL + 301 EXPER.

With multiple regression, our coefficients are partial effects. For example, the coefficient
on SCHOOL is now estimated to be 2433, which we can interpret asthe changein earnings fo
an additional year of schooling, holding the worker’s years of work experience constant. Thisis
what makes multiple regression so powerful. For while we lack the ability to run controlled
experiments much of the time, multipleregression is away to control for other factors using
available data. Note that our resultsalso suggest that holding education constant, changesin
years of work experience have the expected positive effect on earnings (each year of experience
increases earnings by about $300). Asbefore, the standard errorsof the coefficients can be used
here to form confidence intervals and test hypotheses.

R? hasthe same interpretation in multiple regression as in simple regression. Wecanno
use R? to seeif our fit hasimproved by adding or changing some of the X variables. However,
because 2 always goes up with the number of regressors, it's better to compare the adjusted R?,

which compensates for the effect of adding more regressors.
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We can also put confidence intervals around either coefficient estimate, and Excel provides
thesein thetable.

Multiple regression alows usto estimate very sophisticated models. Firg of all, we can
control for many variables at once. Second, we can fit nonlinear relationshipsusing a
polynomial or other transformations of the data. For example, | could create a new variable that
isthe square of SCHOOL, and add it tomy original regression. Then | would be estimating a
quadratic function, which can have a curvature:

EARNINGS= b, + b; SCHOOL + b, SCHOOL?.

Dummy variables and interactions

Multiple regression can aso be used to capture the effects of qualitative characteridicsb
using “dummy variables’ as regressors. For instance, suppose | wanted to see if married men
earned more per year than unmarried men, controlling for their education. Marital statusis not
a continuous condition: it is either-or. But | can still generate a variable that captures the effect
of marital status. | simply create a variable MARR, which is=1 for married men and =0 fo
unmarried, and then add it as a regressor in the following multiple regression:

EARNINGS = b, + b, SCHOOL + b, MARR

According to thisformulation, when a man isunmarried, MARR = 0, and hisearnings are
described by

EARNINGS= b, + b, SCHOOL + b, * 0 = b, + b, SCHOOL
Whereasif aman ismarried, MARR = 1, and his earnings are described by

EARNINGS= b, + b; SCHOOL + b, * 1 = b, + b, + b, SCHOOL

Soin this case the coefficient on the dummy variable (b,) has the effect of shifting the
whole earnings equation up or down. The slope (b,) is not affected.

Of course, you might also wonder if the effect of education was similar for married versus
unmarried men. This involves seeing whether the slope changes with marital status. To
capturethis possibility in the regresson, we can add aninteraction term, INTER =
MARR*SCHOOL. Now we estimate thefollowing regression:

EARNINGS = b, + b, SCHOOL + b, MARR + b, INTER
This equation implies that when aman is unmarried, MARR = 0, and so INTER =
MARR* SCHOOL = 0, and hisearnings are described b
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EARNINGS= b, + b; SCHOOL + b, 0 + b, 0= b, + b, SCHOOL
Whereasif aman ismarried, MARR = 1 and INTER = MARR* SCHOOL = SCHOOL, so his
earnings are described by

EARNINGS= b, + b; SCHOOL + b, 1 + b; SCHOOL = b, + b, + (b, + b; ) SCHOOL

In this case the coefficient on the dummy variable (b,) hasthe effect of shifting the
intercept for married men, while the coefficient on the interaction (bs) represents a differencein

the s ope between married and unmarried men:

I ntercept Slope onwage

Unmarried b, b,

Married bo + b, by + b,
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6. Regression problemsand pitfalls

Regression analysisis a very powerful tool. But the vdidity of regression results depends
criticadly on the validity of certain assumptions. When these assumptions fail, the regression
results can be invalid in variousways. Although some of these problems can be diagnosed and
corrected, it must be stressed that some problems are hard to fix, and you cannot always tell
when you have aproblem. Being aware of the limitations of regression analysis and thinking
about potential sources of error are crucia to good research.

The problems | want to consider come under two general headings: those that biasthe

coefficients, and those that invalidate our confidence intervals and hypothesis tests.

Problems that lead to biasin the coefficients

A coefficient estimateis biased if it tendsto be systematically off in onedirection or the
other. In other words, suppose the true effect of one more year of schooling on earningsis
$1000, but there is some problem that makes it mos likely that we obtain an estimate around
$2000. Then our estimateis biased.

Bias occurswhen one or more of the X variables (regressors) are correlated with the erro
term, u. There are several reasonsthis can occur.

(1) Misspecified functional form. If the true relationship is a curve, but wefit a straight
line, then our slope coefficient ismisleading at best. Diagnosis. Plot the residuals against the
X variables (I'll show thisin class). Theresiduals should look like “white noise.” Treatment:

Try an aternative functiona form, using a quadratic, or logs of the variables.
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(2) Left-out variable bias. Thisoccursif you have failed to include adequate controlsin
your regression. Here's an example that illustrates the problem.

Suppose we have estimated the relati onship between EARNINGS and SCHOOL, and
obtain a positive coefficient, but we have left out any measure of family background, such as
parents’ income or wealth. Furthermore, suppose that individua sfrom wedthy families tend to
get more education and also tend to be better connected in the job market. If so, then ou
coefficient on SCHOOL islikdy to be biased.

Why? Because the coefficient is picking up two effects. Oneisthe direct effect of
education on earnings, which iswhat we're trying to estimate: let’s supposeit ispositive. But
the second indirect effect resultsin spurious correlation. When an individual has more
education, sheasoislikely to have come fromawealthier family. Her family backgroundis
associated with higher earnings, due not to the schooling but to her social contacts. Thisis
picked up by our SCHOOL variable. The upshot is that the coefficient on SCHOOL is postivel
biased: it shows too large an effect becauseit is aso picking up the effect of parental wealth.

Thiscan beillustrated using a “ path diagram” of thesetwo effects:

School Direct effect > 0

.

Earnings

_|_

Parental
wealth

_|_

Indirect effect > 0

Our dlopeisahiased estimate of the effect of education (direct effect).

Diagnosis. Thereis nosimpleway to tell from your resultsif left-out varigble biasis a
problem. Y ou should alwaysthink carefully about whether you have included adequate controls.
Treatment: Solving theleft-out variable bias problemis easy if you have data on the left-out

variable. For example, if our dataincluded information on each person’s social background or
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parental wealth, we could add such a variableto SCHOOL in the regression. But you do not
always have the necessary data, even under the best of circumstances. Parental variables are
rarein most data sets, and other variables that might be correlated with both education and
earnings, such as ambition, attitude toward risk, or willingness to wait, are almost neve
available. So one must take care in interpreting the coefficient on SCHOOL .

(3) Errorsinmeasuring theregressors(X). Very often the our data are measured with
error. For example, our measure of education does not control for the quality of the school
attended or the areas of study. If aregressor is measured with error, it biases the slope
coefficient toward zero. That's because the measured relationship is noisy and weaker than the
actual relationship. Diagnosis. Thisis another one that is difficult to diagnose from you
results. It isagain something one should be aware of. Treatment: There arefancy techniques
for dealing with measurement error, but they are beyond the scope of this course. The best
remedy isto get the best datayou can and just be aware of the problem.

(4) Endogeneity of the regressors. Our basic assumptionis that the X variables are
exogenous, which for our purposes means they are not a function of Y. But very often the
causality between X and Y runsin both directions. For example, we have assumed that
education causes earnings, but the reverse causation is also possible. A personwho earnsalot
might be able to afford to go back to school, for example.

In such cases, the estimated slope b is a biased estimate of the impact of education on
earnings. We arereally picking up the mixed effects of two different causal relationships.

This problem is especially severe when we use market-level data on prices and quantities
to estimate supply and demand curves. Because P and Q areaways determined by the
interaction of two curves (Sand D), it isnot usually possible to isolate or identify the separate
curves using dataon P and Q alone.

Diagnosis. Once again, thereisnot asimple diagnosis. Always think carefully about
potential sourcesof endogeneity in you data. Treatment: There are good techniques for dealing

with endogeneity, but again they are beyond the scope of this course.

Problems that lead to invalid or very large standard errors
When the error term (u) is not normally distributed with the same mean and variancefo

each individual, the estimated standard errorswill be incorrect. In tha case, your confidence
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intervalswill be wrong, and any hypothesistests may beinvalid. | will discuss some sources of
thiskind of problem in class. Generally, it isa good idea to check theresiduals for normality (a
bell-shaped distribution). Excel has anice graphica test for normality that we will look at in
class. If theresidualsdo not look normal, there may be some simplewaysto change the
regression that help improveits validity.

In multiple regression, standard errors can bevery largeif thereismulticollinearity in the
data. Multicollinearity essentialy occurswhen two or more of the regressors arehighl
correlated with each other. When this happens, itisvery hard for the regression to sort out the
separate contributions of the two variables— it's amost asif they are really just one variable,
because they tend to movetogether. An extreme example would be if you ran the earnings
equation using both years of school and months of school as regressors. These variables are
obvioudy highly correlated, and the regression could not estimate their separate effects
accurately. Theresult is huge standard errors.

One*“solution” to multicollinearity isto drop one of the correlated X variables out of the
regression, but in doing so, yourisk a serious left-out variable bias. The results must be

interpreted carefully in such situations.

Choosing a specification

One of the most important decisions in regression andysisis what specification to use.
The specification is simply the details of your regression: In particular, what X-variables
(regressors) shouldyou include? Which shouldyou leave out? Should your regression
equation belinear, or some other functional form?

There are no graightforward answers to these questions. | offer thefollowing general
guidelines:

(1) Useeconomic theory to decide which variables should be in the model before you run
any regressions. For example, our model of earnings will suggest that both education and work
experience could be expected to affect earnings. So both variables belong in the equation.

(2) Usevariablesthat will help you test a hypothesis. For instance, suppose you are
interested in whether men earn more than women, given the same schooling and experience.
Then you could answer this by including adummy variablefor FEMALE, and testing whether it

was significantly less than zero.
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(3) Examine the regression residuals. If you aretrying to decide between two alternative
specifications, one factor to consider is which oneresultsin more random, “normal”-looking
residuals. Because many of our statistical testsrest on the assumption of random, normdl
distributed errors, thereis some reason to favor a regression with residuals that look that way.

(4) Oftenwhenyou run amultiple regression therewill be some coefficientsthat are not
significantly different from zero (large standard errors, small t-statistics). Should these
regressors be left in the regression, or dropped out? The best genera ruleistoleavein an
regressors that you really think ought to matter. We will consider thisissuein more detail in

class.



